Abstract. Using the algebraic method of Gardner's deformations for completely integrable systems, we construct the recurrence relations for densities of the Hamiltonians for the Boussinesq and the Kaup-Boussinesq equations. By extending the Magri schemes for these systems, we obtain new integrable equations adjoint with respect to the initial ones and describe their Hamiltonian structures and symmetry properties.
The Boussinesq equation
First we consider the Boussinesq equation with dispersion and dissipation, see [3] ,
We note that for any α system (1) is transformed to the equation U tt = U xxx · (1 + α) + UU x x , which is scaling-equivalent to the Boussinesq equation u tt = u xxx + uu x x whenever α = −1. Therefore for α = −1 Eq. (1) is reduced to the Boussinesq equation
In the sequel, we consider the problem of Gardner's deformation for system (2) . Next, we observe that a Gardner's deformation for Eq. (2) (and for the KaupBoussinesq equation (6) as well) are obtained from the deformations of the dispersionless reduction by adding higher order terms to the equations E ε and to the Miura transformations E ε → E 0 . Indeed, the zero order terms in the conserved densities, which are obtained recursively by inverting the Miura substitutions, originate from the relations for the dispersionless systems. The deformation for the dispersionless Boussinesq equation has been described in [13] . Using it, we construct two deformations for Eq. (2) and get two distinct recurrence relations for both sequences of the conserved densities. Thus we improve the result of [3] , where a recurrence relation for only one sequence was obtained. The adjoint Boussinesq equations that appear in the extended systems are the by-products of our reasonings. 
The Miura transformation from
The Miura transformation from E − ε to Eq. (2) is given through
The extended equations (3) and (4) consist of the initial Boussinesq flows and the adjoint flows at ε, which will be further discussed in more detail. The Poisson structure 0 Dx Dx 0 for the extended equations E ± ε together with the Miura transformations E ± ε → E 0 induce [8] the structuresÂ 1 ∓ εÂ 2 for Boussinesq's equation (2), hereÂ 2 is its second structure, see [14] . The Hamiltonians for the extensions E ± ε are inherited from the original functionals, which are described in Proposition 1 below, by using the Miura substitutions.
Proposition 1. The densities of Hamiltonian functionals for the Boussinesq equation can be obtained using two different recurrence relations,
The ambiguity of signs of the differential terms does not affect the nontrivial conserved densitiesũ 3k andṽ 3k . The densities with subscripts 3k+1, 3k+2 are trivial for all k ≥ 0.
Further, consider the flow at ε 3 in the r.h.s. of (4); the second case related to Eq. (3) is analogous. We thus obtain the system
It is Hamiltonian w.r.t. the structure 
The flow ϕ [5] is the right-hand side of the adjoint Boussinesq equation (5) itself. The two sequences of Hamiltonians for the higher symmetries of Eq. (5) are obtained from the functionals for system (4) by separating the coefficients of the highest powers of ε.
The Kaup-Boussinesq equation
Now we construct the Gardner deformation for the Kaup-Boussinesq equation
Theorem 2. The integrable extension E ε of the Kaup-Boussinesq equation (6) is the system ũ t =ũũ x +ṽ x + ε · ũũ xx +ũ
System (7) is Hamiltonian w.r.t. the structureÂ 1 = 0 Dx Dx 0 and the functional
The Miura transformation E ε → E 0 is given through
The recurrence relations upon densities of the Hamiltonian functionals for Eq. (6) arẽ
Relations (9) do not produce any auxiliary trivial conserved densities.
Taking the flow at ε in extension (7), we obtain the adjoint Kaup-Boussinesq equation
System (10) is bi-Hamiltonian w.r.t. two compatible local Poisson structures Γ 1 and Γ 2 ,
Substitution (8) provides the canonical factorization of the trivially extended Hamiltonian structureÂ 1 + 2εÂ 2 for the Kaup-Boussinesq equation, wherê
The two sequences of Hamiltonians for the deformed Kaup-Boussinesq equation (7) are inherited from the original functionals for the Kaup-Boussinesq equation (6), see (9) , by using the Miura substitution (8). Hence we conclude that the adjoint Kaup-Boussinesq equation (10) is completely integrable; the correlation of its higher flows with the symmetries of Eq. (6) is standard, see [3] and references therein. 
System (12) 
The recurrence relation obtained from (13) provides only the Casimirs u dx and v dx; all the conserved densitiesṽ k are trivial if k > 0. Therefore deformation (12-13) of the 'minus' Kaup-Boussinesq equation is trivial.
